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This work presents some peculiarities of the near quantum ground state behaviour of curved
(phonon trapping) Bulk Acoustic Wave (BAW) cavities when compared to a conventional mechan-
ical resonator. The curved cavity system resolves the quandary of the conventional mechanical sys-
tem where the Bose-Einstein distribution requires higher frequencies for lower quantum occupation
factors contrary to the constraint of an inverse frequency dependence of the quantum fluctuations
of displacement. We demonstrate how the non-trivial cavity geometry can lead to better phonon
trapping, enhancing the variance of zero-point-fluctuations of displacement. This variance becomes
independent of overtone number (or BAW resonance frequency) overcoming the constraint and
allowing better observation of quantum effects in a mechanical system. The piezoelectric electro-
mechanical coupling approach is qualitatively compared to the parametric optomechanical technique
for the curved BAW cavities. In both cases the detectible quantity grows proportional to the square
root of the overtone number, and thus the resonance frequency. Also, the phonon trapping improves
with higher overtone numbers, which allows the electrode size to be reduced such that in the opti-
mal case the parasitic capacitive impedance becomes independent of the overtone number, allowing
effective coupling to very high frequency overtones.
INTRODUCTION
Bulk Acoustic Wave (BAW) devices at cryogenic tem-
peratures demonstrate great potential for many physical
applications1 exhibiting quality factors over a billion2 at
frequencies approaching 1 GHz. In particular, they show
great promise to operate as a mechanical system at the
quantum limit with an extremely high-Q3,4. These de-
vices have the largest Q × f product among all the de-
vices cooled to near their quantum ground state5. Nev-
ertheless, a detailed description of BAW devices is not
well known outside the acoustic device community. In
particular, questions about mode masses and piezoelec-
tric detection of the mechanical vibration remain outside
the scope of recent experimental work1,2,6,7. This article
has a purpose to answer these questions in terms of con-
densed matter physics, as well as to give an introduction
to the detailed literature, which already exists.
Being simultaneously a mechanical (acoustic) res-
onator and a phonon analogue of the Fabry-Pe´rot cav-
ity, these devices demonstrate a number of interesting
features that cannot be seen in standard mechanical res-
onators like membranes or cantilevers. In addition to
this cavity-like nature, some additional peculiarities are
due to the special phonon-trapping plate geometry used
to drastically reduce the resonator coupling to the envi-
ronment and thus to achieve the outstanding results in
terms of quality factors. Hence it is important to demon-
strate the role of the nontrivial geometry of the device, its
impact on the Harmonic Oscillators (HO) corresponding
to the different mode structures within the BAW cav-
ity and to compare them to modes in a trivial (flat)
plate case. The latter type of an acoustic cavity is rep-
resented, for example, by Film Bulk Acoustic Wave Res-
onators (FBAR) or High Overtone Bulk Acoustic Wave
Resonators (HBAR). The former device has been recently
cooled to the ground state8, revealing a lack of coher-
ence time, i.e. quality factor, for the full quantum state
spectroscpopy. This work utilises a similar piezoelectrical
detection approach, which is an alternative to standard
optomechanics.
As a starting point, we utilise the result of Stevens
and Tiersten9–11. These results have been verified ex-
perimentally over the last few decades and resulted in
the prosperity of piezoelectric BAW technology12,13 as
a building block for the time-keeping community. Al-
though, in order to simplify the detailed and complicated
calculations of the original authors, some additional ap-
proximations are made. In particular, an assumption of
weakly anisotropic material is used throughout the work.
Thus, all the presented calculations should be considered
as rough estimates for such anisotropic materials such
as quartz. Nevertheless, the demonstrated principles are
fundamental for the curved BAW devices. It should also
be highlighted here that the main objective of this work is
to analyse an acoustic system with the described ’Fabry-
Pe´rot like’ geometry, rather than to make numerical cal-
culations for quartz BAW resonators. The analysis is not
limited to this material or even to piezoelectric crystals
in general. The main difference for the non-piezoelectric
case is the impossibility of this type of detection as de-
scribed in Subsection IVB.
I. GENERAL DESCRIPTION OF CURVED BAW
RESONATORS
In this work, we consider a curved BAW piezoelec-
tric plate device (Fig. 1). Such a device confines the
acoustical waves to the central region of the plate, which
propagate along the thickness of the z-axis. Typically
three types of so-called thickness acoustical waves could
2be excited. They are longitudinal (A-mode), fast shear
(B) and slow shear (C) waves. Typically a crystal plate
exhibits resonances at different frequencies correspond-
ing to different modes and wave numbers. Summarising
the present day knowledge of such systems, a resonance
is characterised by an overtone number n (showing how
many half waves are in the plate thickness) and two other
wave numbers m and p characterising the distribution of
the energy maxima in the resonator x-y plane. In gen-
eral, assigning the indices m and p assumes a regular
separable solution and hence mode shape.
It is known that not all of these modes could be ex-
cited piezoelectrically. In other words, not all of them are
coupled to the piezoelectrical environment. Such modes
could be excited only mechanically, for example, by an-
other mode through nonlinear coupling. Such hidden
modes are those with even overtone (OT) number n, or
odd energy distribution numbers m or p. For this reason
only modes with odd n and even m and p are considered
in this work. Normally, the operational overtone is the
fundamental mode (m = p = 0) with only one energy
maximum, which is in the centre of the crystal.
It is also important to underline the main differences
between room-temperature operation of BAW devices
and their use at cryogenic temperatures1. Whereas in
the former temperature range, devices are designed in
order to achieve maximum middle and long term fre-
quency stability, in the latter range we are mainly con-
cerned with maximising the Q × f -product. The room
temperature applications require such devices to operate
with low order overtones of the shear modes, where max-
imum values of the Q-factors are achieved. In contrast,
cryogenic operation provides an opportunity to operate
at extremely high OT numbers of the longitudinal mode2.
This difference is primarily due to different loss mecha-
nisms at these temperatures. Firstly, room temperature
operation means that acoustic losses are limited by the
Akheiser mechanism14 that implies Q× f = const, while
at cryogenic temperatures the Landau-Rumer15 mecha-
nism dominates with a Q = const scaling law. Thus,
cryogenic counterparts of these devices are able to oper-
ate at frequencies approaching 1 GHz without excess loss
due to phonon-phonon interaction2, while room temper-
ature operation limits these devices to tens of Megahertz.
Secondly, it is observed experimentally and explained
theoretically that at cryogenic temperatures due to sig-
nificantly higher speed of sound, longitudinal phonons ex-
hibit lower losses than shear. The situation is the reverse
at room temperature, where the quality factor of a typi-
cal shear mode is greater than that of a longitudinal one.
For example, at cryogenic temperatures, only the An,0,0
modes exhibit quality factors in excess of 109 and Q× f
products on the order of 1018 Hz, for values of n as high
as 2271,2,7. Moreover, typical quartz plate resonators for
room temperature applications are designed to work at a
mode that has a frequency-temperature turnover point at
slightly elevated temperatures for stress-insensitive crys-
tal cuts. This is essential as temperature and stress in-
sensitivity as well as high-Q are required to achieve very
long time frequency stability for the use of acoustic res-
onators in frequency control applications. This situation
long side with high quality factors (over 106) is typically
achieved with a slow shear 3rd or 5th overtone mode
(C3,0,0 or C5,0,0). At the same time, for cryogenic ap-
plications, long term frequency stability is not always
required. Thus, for the reasons described above, cryo-
genic devices are compressional vibration devices whereas
room-temperature resonators are transverse mode res-
onators.
In order to reduce losses due to phonon tunnelling to
the environment, phonon-trapping techniques are used.
The two most popular approaches are electrode load-
ing (by optimising ratio between an electrode and the
resonator) of the disc centre and the curvature of the
plate surfaces. The second technique involves the sepa-
ration of the electrode from the vibrating plate so that it
is non-contacting (BVA resonator)12,16, which eliminates
the losses due to electrode loading. The acoustic wave is
said to be well trapped if most of its energy is separated
from the plate borders, so that its mechanical coupling
to the support is minimised. Normally, the resonators
are designed to confine the acoustic energy in its centre.
Nevertheless, modes with nonzero m and p are possi-
ble, although usually the quality factor decreases with
increasing m and p due to the higher order mode shapes
exhibiting significant coupling to the support at the plate
border.
The study of vibrating plates is a long standing subject
of research, both experimentally and theoretically17–19.
In particular, our interests is in the application of high
acoustic Q piezoelectric plates20. Many authors have
contributed to the field optimising the structure, ma-
terial quality21, crystal cuts22,23, ageing24, electrode
design25,26, nonlinearities27,28, noise properties29–31,
thermal32,33 and vibrational34,35 stabilities etc. Also, a
substantial amount of work is dedicated to the analysis
of contoured resonators with the ability to trap acous-
tic energy inside the plate36–38. One of the most in-
fluential achievements of this field is known as Stevens-
Tiersten theory11,39,40. This theory gives a partial differ-
ential equation for the dominant component of the dis-
placement ud, for the piezoelectric spherically contoured
BAW cavity, which has slowly varying thickness in the
x-y plane due to the large radius of curvature (Fig. 1)11.
ρu¨d +
pi2n2cˆz
4h20
(
1 +
x2 + y2
2Rh0
)
ud =
=Mn∂
2
xxud + Pn∂
2
yyud + (−1)(n−1)/2
e(z)
cz
4v¨
n2pi2
,
(1)
Here n is the overtone number, Mn and Pn are param-
eters, which depending on material constants, v is the
voltage applied across the plate surfaces, R is the res-
onator plate radius of curvature, 2h0 ≪ R is the res-
onator thickness, ρ is the material mass density, e(z) is
the effective piezoelectric coefficient, and cz and cˆz are
the modified effective elastic coefficients for the longitu-
3dinal mode in the crystal of certain crystal orientation,
which are different due to the piezoelectric effect. The
values are given by
cz = cz − e2(z)εz, cˆz = cz −
8
n2pi2
e2(z)εz, (2)
where εz is the dielectric constant along z, and cz is un-
perturbed effective elastic coefficient when no piezoelec-
tric interaction is present. Such correction terms are typ-
ically small, for example, for higher order OTs the correc-
tion term for cˆz is negligible
41. The dominant component
of the displacement ud is either along x, y or z axes (cor-
respondingly ux, uy or uz) depending on the type of the
thickness mode: slow shear, fast shear or longitudinal41.
Due to the higher sound velocity, the latter can be ex-
cited to much higher OTs and exhibits extremely high
quality-factors. In this case only uz is considered further
with the z index dropped. Also, we drop the external
driving term and consider only the internal cavity wave
distribution. It should be noted that for simplicity only
the case of a square plate is considered further.
x
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FIG. 1. Side view of a curved BAW cavity. Red curve shows
typical distribution of a mode the displacement along the cut
in the case m = 0 and p = 0.
ParametersMn and Pn have the following dependence
on the overtone number:
Mn =M +
ax
n
cot
κxnpi
2
+
ay
n
cot
κynpi
2
, (3)
where M , ax, ay, κx and κy are material specific
parameters11,41. The same type of functional dependence
could be written for Pn, which is slightly different only
in values of the material specific parameters due to the
material anisotropy. It should be noted that both κx and
κy approach unity in the limit of an isotropic material,
since both parameters are defined as square roots of ra-
tios between sound velocities in the different directions11.
Thus, for slightly anisotropic devices, cot
κi=x,ynpi
2 → 0
and the last two terms in the expression are negligible.
Since only odd (piezoelectrically excited) overtones in the
limit of large n are of the interest for this work, depen-
dence ofMn and Pn parameters on the OT number could
be neglected. Thus, in the following sections the corre-
sponding indices will be dropped.
II. PHONON-TRAPPING IN A CURVED
PLATE
Utilising a quasi-particle understanding of bulk acous-
tic vibration, phonon dynamics in the x − y plane can
be considered independent from the resonant behaviour
along the z-axis. In this picture, the nontrivial geometry
of the plate creates a potential well for phonons in the
plane of the plate. This potential serves well as a phonon
trap, which does not allow phonon escape through the
clamping points. This sections present the main charac-
teristics of such phonon traps using classical results based
on solutions of equation (1).
Implying harmonic motion u(x, y, z, t) =
u(x, y) sin npiz2h0 e
iωnmpt, the eigensolutions of the ho-
mogenous problem corresponding to eq. (1) can be
approximated by
unmp = e
−αnpi x
2
2 Hm
(√
αnpix
)× e−βnpi y22 Hp(√βnpiy),
(4)
where Hx is a Hermit polynomial and
α2 =
cˆz
8Rh30M
, β2 =
cˆz
8Rh30P
. (5)
For such a phonon trap, the escape probability could
be defined by the amount of vibrational energy in a finite
curved plate compared to total energy in a corresponding
infinite plate:
χ−1nmp = 1−
∫
A
u2nmpds/
∫
R2
u2nmpds (6)
where A ∈ R2 denotes the area of the finite curved plate
in the x−y plane. This definition is based on the analogy
between solution (4) and the quasi-particle wave-function
moving in a finite harmonic potential well in the x − y
plane. In this description the equation of motion (1)
could be transformed to an analogy of the Schro¨dinger
equation. Thus, the vibration outside the resonator plate
indicates the tunnelling into the environment42, in an
analogous way as parts of a particle wave-function out-
side a potential well of finite hight would contribute to
quantum mechanical tunnelling43. Although it should be
noted that χ−1nmp is an approximation for an upper bound
of the clamping losses Q−1
clamp
, that neglects the details
of how the structure is supported. For the two possible
combinations m and p, the rate is
χ−1n00 = 1− Erf(
√
nηx)Erf(
√
nηy),
χ−1n22 = 1−
[
Erf(
√
nηx)−
√
nηx√
pi
(1 + 2η2xn)e
−nη2x
]
×
[
Erf(
√
nηy)−
√
nηy√
pi
(1 + 2η2yn)e
−nη2y
]
,
(7)
where ηx =
√
piαL, ηy =
√
piβL are unitless trapping pa-
rameters along x and y axis. These parameters describe
4how well the Gaussian distribution of vibration in x− y
fits within the resonator of width 2L. The tunnelling
probabilities for (n, 0, 0) and (n, 2, 2) types of modes as
a function of trapping parameter are shown in Fig. 2.
Note that since η ∼ L/(Rh30)1/4, trapping is possible
when L≪ R.
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FIG. 2. Phonon tunnelling probabilities χn,0,0 (solid curves)
and χn,2,2 (dashed curves) for various OTs as a function of
trapping parameter η = ηx = ηy .
Fig. 1 demonstrates that the phonon tunnelling prob-
ability drops very fast at a specific value of η. This value
of the trapping parameter can be understood as a trap-
ping threshold. Moreover, at higher OTs this thresh-
old is achieved for lower values of η. Nonzero in-plane
wave numbers m and p always increase the tunnelling
threshold. Thus, it is preferable to work with the fun-
damental OT resonance family (m = p = 0) due to its
lower coupling to the environment. Increasing both n
and η increases the focusing of the acoustical vibration
to the centre of the plate, which simultaneously reduces
the amount of the material in the body involved in the
action.
III. CAVITY ZERO-POINT FLUCTUATIONS
The variance of zero point fluctuations (ZPF) of dis-
placement and momentum of a Harmonic Oscillator are
〈
xˆ2
〉
=
~
2ωmeff
,
〈
pˆ2
〉
=
~ωmeff
2
. (8)
Calculations of these values for each mode of the acous-
tic wave device require knowledge of the mode effective
mass and angular frequency. For the curved resonator
the parameters depend on the geometry of the surfaces
and the mode numbers.
The angular frequencies of thickness modes of a curved
plate is approximated as follows:
ω2nmp ≈
n2pi2cˆz
4h20ρ
[
1 +
χx
n
(2m+ 1) +
χy
n
(2p+ 1)
]
(9)
where cˆz is an effective elastic constant for the given type
of vibration, χx =
1
pi
√
2h0M
Lcˆz
and χy =
1
pi
√
2h0P
Lcˆz
. For
high-Q BAW cavities the expression can be approximated
by just the multiplier term before the square brackets,
because in the limit of large n, R ≫ 2h0 and low m and
p numbers (usually both are zero) the last two terms in
the expression are much less than 1.
The effective mass of an acoustic mode is defined as the
sum of masses of all elementary parts dv of the vibrating
body scaled by the involvement of these parts into the
vibration:
meff =
∫
V
ρ
u2nmp(x, y)
u2max
dv, (10)
where V is the whole device volume. For the case of the
main modes (m = 0, p = 0), the effective mass is given
by the expression:
mn,0,0 = ρpih0L
2Erf(
√
nηx)Erf(
√
nηy)
ηxηyn
=
m
ξn
(11)
where m = 4ρh0L
2 is a mass for a corresponding flat
plate. Thus, the effective mass for an acoustic mode
within the curved geometry can be represented by an
effective mass of the equivalent flat plate scaled by a ge-
ometrical factor ξ:
ξn =
4
pi
ηxηyn
Erf(
√
nηx)Erf(
√
nηy)
, (12)
which is a function of the OT number and trapping pa-
rameter η. As a result, the curved resonator effective
mass depends on the plate geometry, an example of a
flat cavity is an FBAR, which was recently cooled to the
quantum ground state8.
Combining the results (9) and (11), the variance of the
ZPF in the case of α = β can be written as
〈
xˆ2
〉
=
~
pi2L2
√
cˆzρ
η2
Erf2(
√
nη)
, (13)
which can be further rewritten as the ZPF of a flat device
scaled by a geometrical factor arising due to the surface
curvature:
〈
xˆ2
〉
=
〈
xˆ2flat,n
〉 η2n
Erf2(
√
nη)
=
〈
xˆ2flat,n
〉
ξn,〈
pˆ2
〉
=
〈
pˆ2flat,n
〉
ξ−1n ,
(14)
where
〈
xˆ2flat,n
〉
and
〈
pˆ2flat,n
〉
are the variances for the nth
OT of the corresponding flat plate. It should be pointed
out that the former is inversely proportional to n. This
dependence is cancelled out by ξn for large enough value
of η.
This results demonstrates that the cavity geometry ex-
pands one oscillator quadrature and contracts another by
changing the effective mass of the mode. This process is
5shown in Fig. 3 where the case of a curved BAW cavity is
compared to the corresponding flat device. Dependence
of the curvature scaling factor ξn for m = 0 and p = 0 on
the trapping parameter η and OT number n is shown in
Fig. 4. The results demonstrate that ξn,0,0 monotonically
increases with trapping and the OT number.
flat BAW
curved BAW
FIG. 3. Influence of the acoustic wave device curvature on
the oscillator quadratures. The quadratures are scaled by the
square root of the geometrical factor ξn,m,p
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FIG. 4. Dependence of the geometry scale coefficient ξ on the
phonon trapping parameter η for different OT numbers n and
m = p = 0
For non-zero values of m and p and α = β, the geo-
metrical factor ξ has a few local extrema. For example,
for m = p = 2, the factor is given as follows:
ξn22 =
nη2
16pi
(
Erf(
√
nη)−
√
nη√
pi
e−nη
2
(1 + 2nη2)
)−2
.
(15)
This dependence is shown in Fig. 5 and exhibits an ad-
ditional local extremum. These minima correspond to
additional nodes of the acoustic wave distribution in the
plane. The result suggests that ξn,0,0 > ξn,2,2.
The calculations show that for sufficiently large trap-
ping parameter η, the variance of zero point fluctuations
0.1 1 10
0.1
1
10
100
FIG. 5. Dependence of the geometry scale coefficient ξ on the
phonon trapping parameter η for different OT numbers n and
m = p = 2
does not depend on the overtone number n. Thus, it is
the same for all frequencies. This occurs due to the fact
that the mode effective mass is inversely proportional to
the overtone number, which cancels the frequency de-
pendence. Moreover, since the effective mass is inversely
proportional to the geometrical factor ξ, the resulting
variance could be geometrically ’amplified’ by this fac-
tor.
As a numerical example, we consider a state-of-the-
art acoustic cavity, which has been used previously to
excite extremely high OTs2. For this quartz device
L = 1.5 · 10−2 m, cˆz ≈ 105 GPa (could be varied by
changing the cut), ρ = 2643
kg
m3 , 2h0 = 5 · 10−4 m.
The material parameter cˆz was calculated from the mea-
sured fundamental frequency of the quasi-longitudinal
mode ffund = 3.138 MHz, with a radius of curvature
of R = 300 mm. The resulting displacement and effec-
tive mass for the equivalent flat plate is of the following
order: √〈
xˆ2
flat,1
〉 ≈ 4.7 · 10−20m,√〈
pˆ2
flat,1
〉 ≈ 10−15m · kg
sec
,
m = 0.93 g,
(16)
which is a subject to scaling by
√
ξn,m,p,
√
ξ−1n,m,p and
(ξn,m,p)
−1 respectively, achieved by changing the OT
number and the phonon trapping parameter η (by chang-
ing the radius of curvature). At cryogenic temperatures
accessible with modern dilution refrigerators the number
of thermal quanta in the fundamental mode at 20 mK
is 132, reducing to 0.22 for the experimentally observed
higher order OT of 712.5 MHz with n = 227 half waves
along the thickness of the z-axis.
Numerical calculations of the geometric parameters ξ
and η requires knowledge of the material dependent pa-
rameters M and P , which are not exactly known for
crystalline quartz at cryogenic temperatures. Although
6according to the definition11, they are defined as linear
combination of various elements of the elastic constant
tensor, in particular the ratio between the effective elas-
tic constant cˆz and the transverse elastic parameter M .
Thus, for order of magnitude calculations it is possible
to make an estimation based on the room temperature
values of the quartz elastic and piezoelectric tensors44,
which gives cˆzM ≈ 0.4. From this value the trapping pa-
rameter η is estimated to be approximately 10.7, which
gives a geometrical scaling factor of 103, 5 × 103 and
3.3 × 104 for the 7th, 37th and 227th OTs respectively.
In particular, this means that a curved BAW device of
these parameters will incorporate modes ranging from
gram to microgram mass scales.
IV. DETECTION
Nowadays, the field of precision and quantum mea-
surements is dominated by the optomechanical approach.
Due to its extraordinary sensitivity it has been used in
various sorts of applications, such as gravitational wave
detection and the detection of vibration of mechanical os-
cillators cooled to near the quantum ground state. How-
ever, with the resent results on acoustic wave devices8,
it has been realised that the piezoelectric properties of a
material could also be utilised for the conversion of me-
chanical motion into detectable electrical signals. In this
section, we compare these two approaches when applied
to the curved BAW device.
A. Optomechanical Detection
The optical approach to detect vibrations of a BAW
resonator is similar to the detection of the mechani-
cal motion of any other optomechanical systems5. The
method utilises the motion of part of the system to dis-
place one of the mirrors or a boundary condition for an
optical or microwave cavity. In the case of a BAW device,
if one of the resonator surfaces is coated with a perfect
mirror, the motion of the ideally thin mirror corresponds
to the vibration of the plate at the point of crystal-
vacuum interface (u(x, y, 2h0) and u(x, y, 0)). Thus, for
odd OTs the detectable displacement corresponds to the
values of u calculated in the previous section, since the
interface point corresponds to a maximum of acoustic vi-
bration. As a result for an ideally narrow light beam
pointing at the BAW cavity centre, the problem is re-
duced to the detection of
√〈
xˆ2
〉
=
√〈
xˆ2
flat,n
〉
ξn, which
is enhanced with the increase of the OT number as
√
n
due to geometrical scaling as described in the previous
section. Thus, for this type of a system it is advanta-
geous to work with higher overtones at higher frequen-
cies for this optomechanical type of detection for two
reason: 1) The improvement of the thermal occupancy
without a sacrifice of the amplitude of fluctuations: 2)
The scaling of the detectable vibration as
√
n. The first
reason contradicts the conventional state of affairs where
the magnitude of the zero point fluctuations is usually
inversely proportional to the frequency, contrary to the
requirement of high frequency for the minimisation of
thermal quanta for Bose-Einstein statistics. So, this is
overcome with the implementation of the curved BAW
devices where both conditions require higher frequencies.
B. Piezoelectrical Detection
Unlike a typical optomechanical setup, the electro-
mechanical coupling involving the piezoelectric effect23
is not parametric detection. Piezoelectricity is a linear
phenomenon that relates mechanical and electrical field
components45. Thus, it is important that by itself it is
not sufficient for measurements in the quantum regime.
It has to be complemented by some external nonlinear
devices such as Josephson Junctions8.
It is usually considered that one-port BAW devices
are excited by applying time-varying voltage to the elec-
trodes, whereas readout is performed by detecting the
resulting alternating current through the device. This
current is found as integral of the time-derivative of the
z-component of the displacement vector D over the elec-
trodes Ae ∈ A evaluated at one of the electrodes (e.g.
z = 2h0):
I = −
∫
Ae
∂tDzds = −eeff
∫
Ae
∂2tzu(x, y)ds (17)
where eeff is an effective material constant involving
piezoelectric and elastic tensors. This current excludes
components due to parasitic capacitance of the elec-
trodes. Taking into account space dependencies of the
displacement (4), the resulting current is
In,m,p = eeff
piµn,m,p√
αβh0
∂tu, (18)
where µn,m,p is an electrode overlap factor. This param-
eter tell how much of the acoustic vibration is covered by
the electrodes. For the (n, 0, 0) type of mode, this factor
is
µn,0,0 = Erf
√
nνx√
2
Erf
√
nνy√
2
, (19)
where νx =
√
piαL˜, νy =
√
piβL˜, and L˜ < L is a
characteristic dimension of an electrode as shown in
Fig. 1. Function µn,0,0(ν) approaches unity when elec-
trodes cover most of the acoustic energy. This depen-
dence is very similar to the inverse of the dependence
ξn(η) although it involves another resonator parameter,
electrode dimension L˜, rather than the plate dimension
L. In realistic systems, these electrodes are always much
smaller than plates themselves.
7The variance of the output current due to the mechan-
ical zero point fluctuations could be found as follows:√〈
Iˆ2n,m,p
〉
= eeff
piµn,m,p√
αβh0m
√
ξn,m,p
√〈
pˆ2
flat,n
〉
. (20)
This result demonstrates that despite the fact that
〈
pˆ2
〉
scales down with the ξn,m,p, the detected current is still
proportional to
√
ξn,m,p ∼
√
n. This result means that
like in the case of optomechanics, piezoelectrical detec-
tion also benefits from increase of geometrical factor√
ξn,m,p. Thus, like in the case of optical detection, high
frequencies are desirable.
It has to be mentioned that operation of BAW de-
vices at extremely high OTs requires the redesign of the
electrodes. This is because at higher frequencies the elec-
trodes appear as a parasitic capacitive shunt, which sig-
nificantly reduces the electro-mechanical coupling. This
problem can be overcome by reducing the electrode area
in a way that it also has no effect on the overlapping func-
tion µn,m,p since for higher OTs the vibration becomes
more focused at the centre (smaller spot size). Although,
in each frequency range there will be a different electrode
size that is optimal in terms of coupling. If one defines
an optimal value of overlapping µopt, e.g. three stan-
dard deviations (3σ), it is possible to calculate the opti-
mal electrode size or minimal characteristic dimension L˜
that reaches the optimal overlapping:
L˜opt =
L
η
√
2
n
Erf−1(
√
µopt), (21)
assuming α = β. The corresponding shunt capaci-
tance could be approximated as a capacitance of two
parallel plates formed by the electrodes25. Thus, the
corresponding parasitic shunt capacitance is scaled as
C0 ∼ L2opt ∼ (nη2)−1. As a result the corresponding
optimal parasitic shunt impedance is
Zshunt =
1
iωn,m,pC0(n)
= −i 2h
2
0
εzL2
√
ρ
cˆz
η2n0Erf2(
√
µopt),
(22)
where ωn,m,p is approximated by the first term in (9).
This result shows that the optimal shunt impedance does
not depend on the OT number but is proportional to the
square of the phonon trapping parameter. The latter has
to be maximised in order to minimise photon leakage into
the environment as explain in Section II. Thus, coupling
to the mechanical mode could be maintained constant for
all OTs by optimising the electrode size.
Taking the numerical example given at the end of Sec-
tion III with the estimated value of trapping η = 10.7,
the optimal parasitic capacitance for 3σ coverage is cal-
culated to be 0.5 × n−1 pF, corresponding to a para-
sitic impedance of approximately 312 kOhm. This value
should be compared to that of the active impedance of
an RLC or Butterworth-Van Dyke model46 for each OT.
For SC-cut quartz resonators at cryogenic temperatures,
this resistance can be as low as few Ohms at 3-11th over-
tones and never exceeds 100 Ohms at higher OTs47,48.
Thus, the optimal parasitic impedance is negligible.
V. COMPARISON WITH A MEMBRANE
It is instructive to compare a curved BAW cavity with
a mechanical resonator that is a traditional choice for
various experiments involving cooling to the quantum
ground state49. So, we consider motion of a rectangu-
lar membrane50 (a by b) thickness h ≪ {a, b} made of
material of mass density ρ with the stress τ . The prob-
lem of membrane motion is solved by the function:
u = A sin(αx) sin(βy) exp(−iωt), (23)
where ω2 = c2(α2 + β2) and from boundary conditions:
α = pima , β =
pin
b , m,n ∈ Z giving the angular frequency
of mechanical vibration:
ω = pic
√
m2
a2
+
n2
b2
, (24)
where c2 = τ/ρ is effective sound velocity.
The resonator effective mass is calculated as a sum over
its surface of masses of its constitutive parts scaled by
the involvement into the mode vibration: meff = ρh
ab
4 .
Unlike the case of the curved BAW resonator, the mem-
brane effective mass is independent of the mode. Thus,
the variance of the zero-point fluctuations is given as fol-
lows: 〈
xˆ2
〉
=
4~
pi
√
τρh
√
m2a2 + n2b2
, (25)
where the inverse dependence on the mode numbers n
and m is apparent. This means that measurements of
higher order modes are unfavourable due to the reduc-
tion of the variance of the ZPF when compared to the
first order mode with n = 1 and m = 1. As a result the
contrary conditions for the choice of mode and frequency
arises: the maximisation of (8) requires the reduction of
frequency, whereas minimisation of the number of ther-
mal quanta requires the inverse.
To compare a membrane and the BAW cavity quan-
titatively, we choose the membrane of the same size
(a = b = 2L) made of the material with the same density
with the stress τ = 105 GPa. Such mechanical resonator
gives the following results for the variance of the ZPFs,
the effective mass and resonance frequency:√〈
xˆ2
〉 ≈ 6.2 · 10−19m,
meff = 7.5 · 10−2 g,
fres = 149 kHz
(26)
for the lowest order mode n = 1, m = 1. At typical
cryogenic temperatures for such experiments (20 mK),
the average number of thermal quanta is 3230, which
requires additional mode cooling resulting in a loss of
quality factors due to the associated damping.
8CONCLUSION
This work demonstrates significant differences of the
near ground state behaviour of curved BAW cavities and
mechanical resonators. The differences arise due to the
focusing of the phonon vibration in the centre of the
disk cavity. The focusing is enhanced with the increase
of the OT number and correspondingly with the reso-
nance frequency. As a result, the effective mass of vibra-
tion drops significantly allowing simultaneous existence
of gram and microgram-scale modes in the same macro-
scopic device. Another consequence of the curvature fo-
cusing is the change of the Zero Point Fluctuations of
both quadratures of the equivalent Harmonic Oscillator.
In particular, it enhances the displacement quadrature
resulting in an enhanced magnitude of the Zero Point
Fluctuations as the mode frequency increases, allowing
easier detection. In addition, BAW devices allow another
way of detecting the vibration apart form the traditional
optomechanics, such devices are naturally characterised
using piezoelectric electro-mechanical conversion. It is
demonstrated that the electromechanical conversion of
the displacement is also enhanced by trapping, in the
same way as in the optomechanical case. Additionally, it
is shown that by implementing the optimal electrode size
for each specific mode, means that the electromechanical
coupling does not depend on the OT number leading to
the possibility of optimising the electrodes to work at
higher frequencies. This optimal electrode size could be
further minimised by increasing the trapping parameter.
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